Coupled evolution of a high-pressure phase (HPP) and dislocations, including dislocation pileups and dislocations generated due to phase transformation (PT), under compression and shear of a nanograined bicrystal, is considered as a model for high-pressure mechanochemistry. Recently developed phase field approach for the interaction between PTs and dislocations at large strains and a finite element analysis are utilized. Periodic boundary conditions for displacements are applied to the lateral surfaces. It is confirmed that the shear-induced dislocation pileups may reduce the PT pressure by an order of magnitude in comparison with hydrostatic loading, and even below phase equilibrium pressure, as it was observed in some experiments. In contrast to the formulation with boundary conditions for lateral stresses, which do not exhibit the sample size effect, periodic boundary conditions lead to some suppression of PT with decreased grain and sample sizes. The local transformation work-based phase equilibrium condition is met for most of the points of the stationary phase interfaces. The interface configurations also correspond in the most cases to the constant pressure contour but with different values for different loadings. Rarely, the same is true for the constant shear stress contours. Similar phase equilibrium conditions are satisfied for the transformation work expressed in terms of stresses averaged over the transformed grain and HPP. These conditions can be used to scale up results of the nanoscale studies to the coarse-grained microscale theory. During unloading, the PT, dislocations, and plastic shear are fully reversible. Even if one pins all the dislocations before unloading starts, still the entire HPP returns back. Thus, problem with modeling metastability of the HPPs still remains open. Obtained results are applicable for interpretation of experiments on high-pressure torsion with diamond or ceramic anvils, friction, surface processing, and probably on ball milling.
Introduction
High-pressure mechanochemistry studies the effect of nonhydrostatic stresses and plastic deformations on PTs and chemical reactions under high pressure. Here we will focus on diffusionless phase transformations but some points of the analysis can be applicable to the chemical reaction and PT accompanied by diffusion [1, 2] . Experimentally, mechanochemical phenomena are studied and applied for material synthesis using the ball milling [3] [4] [5] [6] [7] [8] [9] [10] [11] and high-pressure torsion [12] [13] [14] [15] . The most precise and quantitative in situ studies are produced under compression and shear in rotational diamond anvils [1, [15] [16] [17] [18] [19] [20] [21] .
It is known from experiment on high-pressure torsion with rotational ceramic or diamond anvils that superposition of large plastic shear on high pressure can lead to new phases that were not obtained under hydrostatic conditions [1, 2, 12, 17-19, 21-23, 25] . Plastic straining also significantly reduces PT pressure [1, 2, 12-14, 16-23, 25-27] even by an order of magnitude [20, 24] . There are many other effects summarized and analyzed in [1, 2] but we will focus on the explanation of the reduction in PT pressure only. Note that adding the shear stress work along the transformation shear strain to the macroscopic mechanical driving force does not change transformation pressure significantly [1, 2, 28] since the macroscopic shear stress is limited by the yield strength in shear ( $ 1 GPa), i.e., is small in comparison with the applied pressure .
Part of the explanation of the effect of plastic shear on reduction in PT pressure is based on understanding that there is a fundamental difference between stress-or pressure-induced PTs and plastic strain-induced PTs under high pressure, which was introduced in [1, 2] . The former are initiated at the preexisting defects, which represent stress concentrators and nucleation sites. Since number of preexisting defects is limited, one has to increase pressure to activate nucleation sites with weaker stress concentrators. In contrast, the strain-induced PTs take place by the nucleation at new defects constantly generated during plastic flow, such as dislocation pileups. Thus, there is a permanent reproduction of the nucleation sites and PT can be driven by increase in plastic strain at constant pressure. In addition, strain-induced defects like dislocation pileups may contain many more dislocations (e.g., from 10 to 100 and more), and all stresses at the tip of the dislocation pileup are proportional to the number of dislocations. That means that one can significantly reduce external pressure and still satisfy the nucleation condition near the tip of dislocation pileup due to strong concentration of all components of the stress tensor. Thus, plastic strain-induced PTs require different thermodynamic treatment and experimental characterization than pressure-and stress-induced PTs.
The only analytical model to describe strain-induced PTs under high pressure at the nanoscale was developed in [1, 2] . It describes a HPP nucleation caused by dislocation pileup in an infinite medium under applied normal and shear stresses. Despite its simplicity, it was able to explain many experimental results, including an order of magnitude reduction in PT pressure in comparison with hydrostatic loading. Based on this mechanism, a microscale strain-controlled kinetic equation is derived in [1, 2] for twophase materials and in [29] for nÀ phase materials. This model was utilized in a macroscale model for coupled PTs and plasticity, which was used initially for analytical study of the behavior of a sample compressed and twisted in rotational anvils [1, 2] . Later, much more advanced models and finite element approach were used for the same purposes [30] [31] [32] [33] . Macroscale modeling only can currently be compared to experiment in rotational diamond anvils. Note that each scale contributes to understanding and quantification of the strain-induced PTs and combination of these studies produces multiscale theory and understanding. Recently [34, 35] , molecular dynamics was also utilized for determination of PT criteria for perfect (defect-free) crystal lattice under action of all six components of the stress tensor.
In the paper, we will focus on the analysis of the nucleation and growth of a HPP and its interaction with discrete dislocations in a nanosized bicrystal under compression and shear. The most appropriate continuum approach for solution of this problem is a PFA. PFA has emerged as a powerful nanoscale tool for modeling of a broad range of phenomena such as PTs [36] [37] [38] [39] [40] [41] , dislocations [42] [43] [44] [45] [46] [47] [48] [49] [50] , and others. As usual, we will describe the nucleation and the propagation of phase interfaces and discrete dislocations based on the concept of the order parameters: for a PT, g varies from g ¼ 0 for a low-pressure phase (LPP) to g ¼ 1 for a HPP, and n a describes dislocations in the a slip system, where the integer part of n a represents the number of complete dislocations. An order parameter describes instability of the crystal lattice during PT and dislocation nucleation and propagation. After introducing a proper thermodynamic potential, the evolution of a phase and dislocation nanostructure is determined by solving the Ginzburg-Landau (GL) equations for order parameters g and n a .
For PTs, the most advanced PFA [51] is used, in which order parameters are related to transformation strain. This PFA satisfies the requirements for the description of typical experimental features of stressstrain curves for shape memory alloys and steels [52] [53] [54] . It was derived for large strains [51, 55] and was applied for finite element simulations at small [56] [57] [58] [59] and large strains [55, 60] . Similarly, for dislocation the most complete theory is formulated in [61] , which was applied to a broad range of problems in [50, 62] . This theory resolves a number of contradictions in the previous studies [42] [43] [44] [45] [46] [47] [48] [49] and generalizes them for large strains.
A thermodynamically consistent PFA for the interaction between PT and dislocation in [63] represents a novel combination of the above PFA for multivariant martensitic PTs [51] and PFA for dislocations [61] with some nontrivial couplings. In particular, the total deformation gradient was defined as a multiplicative decomposition of the elastic, transformational, and plastic deformation gradients (the order is important), which allowed us an economic and non-contradictory description of the dislocation inheritance during direct and reverse PTs. Also, the dependence of the dislocation parameters on the phase order parameter was included. An additional interaction occurs through the stress fields generated by the eigen strains of PT and dislocations. This PFA was applied in [50, 64, 65] for various problems including dislocation inheritance by propagating austenite-martensite interface, athermal hysteresis, semicoherent interface motion, and thermally induced nucleation, propagation, and arrest of martensitic plate in an austenite. This theory [61] and corresponding numerical approach [64] will be used in the current study.
Utilizing these approaches, the martensitic PT at dislocation pileups in a bicrystal under periodic boundary conditions (PBC) for displacements at the lateral sides was studied under compression and shear in our short paper [28] and new PT features were revealed, which could not be obtained by the analytical model [1, 2] . The possibility of the reduction of PT pressure by a dislocation pileup in comparison with a hydrostatic loading was proved. In [66] , much more detailed study of the same problem was performed but with prescribed stresses at the lateral sides instead of PBC. The main result was that despite the very complex and heterogeneous stress field, small sizes, and plastic straining, stationary morphology and interface positions are described by a simple phase equilibrium condition in terms of transformation work, both local at (almost) each point of the interface and for stresses averaged over the transforming grain or HPP. These conditions do not explicitly contain information about plasticity and interface energy.
However, these results were obtained for prescribed lateral stresses and it is not clear whether they will hold, or how they should be generalized for the more realistic PBC. In the current paper, equipped with the knowledge obtained in [66] , we will perform similar comprehensive finite element study of interaction of PT and dislocation plasticity in a bicrystal under compression and shear and periodic boundary conditions for displacements. Coupled evolution of dislocation and phase nanostructures will be analyzed in terms of fields of pressure and shear stresses, as well as transformation work, both local and averaged over single and two grains. The following main results have been obtained.
1. The dislocation pileup leads not only to the nucleation of a HPP phase at its tip in the neighboring grain, but also in the same grain in the region with high compressive stresses due to extra atomic planes. Plastic straining reduces the PT pressure by more than the order of magnitude, similar to the experiments in [20, 24] , and even below phase equilibrium pressure, like in some experiments in [21] . 2. In contrast to the formulation with boundary conditions for lateral stresses, which does not exhibit the sample size effect, PBC lead to some suppression of PT with decreased grain and sample sizes. 3. At the stationary phase interfaces the local phase equilibrium condition (2) The paper is organized as follows. A complete system of equations consisting of the PFA for single variant PT, dislocation evolution, and nonlinear mechanics developed in [63, 64] is presented in the supplementary part and, just to simplify its understanding, is simplified for geometrically linear case. The numerical method and the material parameters are presented in section two. The strain-induced PT initiated at the tips of the dislocation pileup in elastic grain is analyzed in section three. The interaction of HPP and two oriented slip systems in a nanograin is presented in section four. Section five focuses on the interaction of phase and multiple slip systems in a nanograin. The size effect on the interaction of phase and multiple slip systems in a nanograin is studied in section six. The interaction of phase and dislocations in a nanograin during unloading is investigated in section seven. In section eight, the effect of different solution scenarios is investigated. The transformation work-based analysis is presented in section nine. Section ten contains concluding remarks. . Since multi-well energy for dislocations, characterized by A a , is three times larger in the HPP than in the LPP, this causes two effects. First, inheritance of dislocations by moving interface produces negative driving for the direct PT and positive driving force for the reverse PT. Second, there is a driving force for pushing dislocations from the HPP to the LPP. We normalize size, time, and stress parameters by 1 nm, 1 ps, and 1 GPa, respectively.
Computational approach
FEM and the PDE and structural applications of the COMSOL Multiphysics code have been utilized for solving these equations. Plane strain problems and straight edge dislocations are considered. Automatic remeshing is applied during solution which is required to avoid numerical divergence caused by large deformation and inversion of mesh. The range of time and mesh sizes for remeshing are controllable. The backward time differentiation method is used for transient problem. A time step of 1 À5 ps is used in our simulations. Resolving of dislocation height and core requires finer mesh than resolving interface width. Quadrilateral finite elements with the quadratic approximation for the shape function are utilized, which improve convergence and reduce the computation time. Note that under stationary solution here we will understand solution, which changes slightly with further increase in time.
Numerical solutions reproduce well analytical solutions for a propagating interface profile, energy, and velocity [57, 67] . Also, a similar analytical solution for a dislocation [62, 68] is well simulated. Our code can reproduce known crystallographic solutions for interfaces as well as experimentally observed microstructure with twin bending and splitting [69] . The resolved stationary distance between incoherency dislocations well matches the analytical solution in [50] . Numerical solutions for nucleation at dislocation pileup [28] are in good agreement with the analytical solution in [2] , when it is applicable. The above results confirm the validity of our numerical procedure as much as it is possible for complex nonlinear problems.
The dislocation pileup induced phase transformation in the elastic nanograin
A rectangle with the size of 50 Â 30 is considered which includes the following regions ( When the hydrostatic loading was applied and one dislocation was present only, the lowest pressure at which the nucleus appears is p h ¼ 15:75. After nucleation, PT occurs in the major portion of the grain.
For compression and shear loading ( Fig. 1 ), PBC for displacements are applied at the lateral sides; the lower side is fixed; the upper side is subjected to normal homogeneous stress r n in the deformed state and homogeneous horizontal displacement u given in terms of macroscopic shear c ¼ u=h, where h is the height of grains. A vertical stress r n ¼ 3:05 was considered, producing an initial pressure averaged over the sample (or each grain) of 2.0. The boundary condition n 0 Á rg ¼ 0 is considered for the order parameter, where n 0 is the normal to the boundary in the reference configuration. This condition means that the energy of the grain boundaries does not change during PT. Since for normal transformation strains we have x t ¼ y t , averaged pressure p ¼ À 0:5ðr x þ r y Þ, which produced transformation work, is used for characterization of PT. The averaged volume fraction of the HPP is defined with respect to the grain area in the undeformed state:
We consider PT only in the right grain and do not consider any plasticity in the right grain. A single horizontal slip system is considered in the left grain. Under the applied shear, dislocations of opposite signs nucleate from both grain boundaries one after another and move toward each other. Some of these dislocations form steps at both boundaries and some others densely pileup at the boundaries ( the left and right grains, respectively, and s ¼ 7:31 over the sample. These pileups create strong concentration of the stress tensor near their tips. After the stationary solution for dislocations in left grain is reached, PT is allowed in the right grain. The evolution of a martensitic nucleus until it reaches the stationary solution is presented in the left column of Fig  2. As can be seen, due to the high stress concentration at the tip of dislocation system, two high-pressure phase nuclei appear and initially grow as two independent plates. Then, they start to interact through their stress fields. A morphological transition occurs due to the small distance between stress concentrators, which leads to the coalescence of two transformed regions, and a significant transformation progress with stationary c ¼ 0:51. During PT: (a) s is Figure 2 Left column: Nucleation and growth of the HPP until stationary nanostructure at c ¼ 0:2 and with p varying from 2 (before PT) to a stationary value of 0.8 (averaged over both grains) and with p ¼ 0:06 in the transformed grain. Middle column: Simultaneous nucleation and evolution of the HPP and dislocations until the stationary nanostructure at c ¼ 0:2, L n ¼ 0:1L g , and p varied from 2 (before PT) to a stationary value of 2 (averaged over both grains) and with p ¼ 1:36 in the transformed grain. Right column: Simultaneous nucleation and evolution of the HPP and dislocations until the stationary nanostructure at c ¼ 0:2, L n ¼ 4L g , and p varied from 2 (before PT) to a stationary value of 1.3 (averaged over both grains) and with p ¼ 0:9 in the transformed grain. The lowest row is the contour lines for the transformation work r:e t ðgÞ. The contour lines of the equilibrium transformation work r:e t ðgÞ ¼ 1 are also plotted in black on the HPP stationary states without plasticity and with plasticity for L n ¼ 0:1L g . reduced to 4.75 and 5 in the left and right grains, respectively, and 4.9 averaged over the both grains; (b) the pressure averaged over the grain p is reduced to 1.69 in the left grain, and 0.06 in the right grain (due to the volume reduction during PT), and 0.81 in the both grains. Note that in experiment the average pressure p and the average shear s are reported after PT in the transformed grain. Thus, for the nanograin sample, PT pressure is reduced by more than an order of magnitude in comparison with 15.75 under hydrostatic conditions, while a significant PT at relatively small applied shear strain occurs.
The evolution of pressure and shear stress contours in the transformed grain until the stationary solution is presented in Fig. 3 . As it is shown, there are both positive and negative pressure concentrations near the tip of pileups which partially relax during PT. Also, there is negative (tensile) pressure concentration in the middle region between the tip of martensitic nuclei from both sides, which relaxes and disappears during coalescence. Surprisingly, the pressure disappears in the transformed region and the zero pressure lines surround the transformed regions from the beginning until the stationary solution, for which they match well with the upper and lower interfaces. At the beginning, there are high shear stress lines [ 9 surrounding the transformed regions (nuclei), which relax during PT to \5 for the stationary solution. These lines surround the upper and lower sides of the stationary transformed region. Note that pressure and shear stress concentrations near the tip of pileups remain in the stationary solution.
The transformation work, r:e t ðgÞ, which is double contraction of the stress tensor r and transformation strain tensor e t ðgÞ, is the mechanical part of the driving force for the PT. Based on our results in [66] for prescribed lateral stresses, we suggested the following local phase equilibrium condition for each point of an interface in the current configuration
The contours of transformation work for the stationary solution are plotted in Fig. 2 . The most informative for the analysis of the stationary solution are the values of the transformation work at the phase interface. Values of the transformation work within phases show potential for nucleation of an alternative phase. As can be seen, the upper and lower interfaces practically coincide with the contour line r : e t ðgÞ ¼ 1, which can be considered as the local phase equilibrium condition. At the same time the interfaces at the lateral sides of the transformed area are not matching a constant r : e t ðgÞ contour due to the high stress heterogeneity and importance of the surface energy at large curvatures. The local interface equilibrium condition will be considered in more detail in section nine. It is clear that the main contribution to the transformation work at the upper and lower interfaces comes from the shear stresses since pressure is close to zero.
The interaction of strain-induced phase transformation and slip along two oriented slip systems in a nanograin
Next, we consider plasticity as well as PT in the right grain by including dislocations along two slip systems with a 30 angle between them in the right grain, which can compete with the PT. Such slip directions are usually accepted in 2D simulations [70, 71] for cubic lattice. For p ¼ 1:9, c ¼ 0:2, s ¼ 4, and L n ¼ 0:1L g , PT proceeds faster than dislocation evolution. Due to the generation of only one dislocation near the tip of pileup, PT is initially almost the same as without plasticity. However, after one and three dislocations appear in the upper and lower slip systems, respectively, and they move through the grain, the reverse PT starts. Shear stress is relaxed by dislocations and HPP region becomes smaller and finally is divided into two regions with the stationary volume fraction of HPP c ¼ 0:166. The evolution of the HPP and dislocations is presented in the middle column of Fig. 2 . Both HPP regions are stabilized by compressive stresses due to extra atomic planes of dislocations at the phase interface rather than due to dislocation pileup in the neighboring grains.
As can be seen, after the generation and propagation of dislocations, the transformed region and phase boundary are confined by dislocations during the evolution, and dislocations are mainly located at the interfaces, transforming coherent interface into semicoherent one. It is known that dislocations at the or near interface produce an athermal friction and may arrest interfaces, and we quantified the athermal threshold with phase field simulations in [50, 65] . In those simulations, dislocations were generated by internal stresses at the fixed interface. Here, stress fields of dislocations change shape of the HPP until some interfaces coincide with the slip planes. There are 4 and 7 dislocations in the upper and lower slip systems, respectively, in the stationary state. Dislocations reduce shear stress in the center of a grain by 1-2 and slightly reduce pressure, which caused reverse PT.
Thus, plasticity provides two opposite functions: it produces dislocation pileups and strong stress concentrators promoting nucleation of a HPP, but it also relaxes the same stress concentrators. Competition between these two effects depends on a crystal lattice of the LPP and HPP phases, deformation mechanisms, grain orientation and applied normal and shear stresses. Below we will present examples how this competition is controlled by the magnitude of the pressure and shear stress.
The evolution of the average pressure in the transformed grain and both grains is plotted in Fig. 4a . It shows the reduction of p from its initial value of 2 (before PT occurs) and then increases until it reaches a stationary value of 1.36 in the transformed grain, and almost 2 over both grains.
The evolution of the HPP volume fraction in the right grain (Fig. 4a) is directly related to the average pressure: the minimum pressure belongs to the highest volume fraction. Since the volumetric transformation strain is compressive, the increase in volume fraction is accompanied by the reduction in volume, which reduces the pressure in Fig. 4b . Similarly, the reduction in volume fraction due to the dislocation activity increases the pressure. It is found that the maximum HPP volume fraction c max ¼ 0:396 belongs to the minimum average pressure p ¼ 0:21 with 3 and 4 dislocations in the upper and lower systems, respectively. One more point is that the average pressure over both grains reaches the same value as its initial average pressure 2, which might not be always the case.
The evolution of pressure and shear stress contours in the transformed grain with dislocation until the stationary solution is presented in Fig. 5 . As can be seen, before dislocations are generated the pressure and shear stress contours are similar to those for Figure 4 a Evolution of the average pressure in the transformed grain and over both grains and b evolution of the HPP volume fraction in the transformed grain until the stationary solution. The case with two slip systems in the right grain and L n ¼ 0:1L g is considered, for which PT occurs in the right grain only. without plasticity. As dislocations are generated and propagate through the grain, pressure around the transformed zones is not zero like without dislocations. Negative pressure concentrators appear near the tip of the dislocation pileup, which cause the reverse PT. Positive stress concentrator and shear stress concentrators near the tip of the dislocation pileup do not relax due to dislocations. This means that dislocations in the right grain practically do not affect nucleation but reduce volume fraction of HPP in the stationary state. Pressure along the lower dislocation band is 2 along the phase interfaces and 0 within the LPP. This may be related to the three times higher yield strength of the HPP than that of the LPP. The shear stress contours show high concentrations along both the slip systems. The average pressure in the transformed grain, p ¼ 4, is not reduced significantly in comparison to that for elastic right grain, p ¼ 5. The shear stress concentrations in the middle of the grain near the tip of martensitic nuclei also relax by PT. The negative pressure concentration existing initially in the middle of the grain disappears toward stationary state.
The evolution of HPP strongly depends on the ratio L n =L g . However, the stationary HPP and dislocation solutions are almost the same for L n =L g in the range 0.1-80. For example, the evolution of phase and dislocations is plotted for L n =L g ¼ 4 in the right column of Fig. 2 . As can be seen, due to the larger dislocation kinetics coefficient, dislocations nucleate and propagate faster, and stresses are relaxed mostly by dislocations than by PT. Nucleation on the right grain boundary occurs almost like without dislocations because there are no dislocations here to relax stresses. On the left side of the grain, dislocations completely took over the PT and tip of the pileup does not produce HPP nucleus. Nucleus of the HPP appeared only after dislocations in the right grain piled up and their extra atomic planes produced high compressive stresses. The stationary volume fraction c ¼ 0:166 is the same for both ratios L n =L g but complete solutions, while are very similar, still slightly different. That means that for the same boundary conditions there 
Figure 6
Simultaneous nucleation and evolution of the HPP and dislocations in both grains until the stationary nanostructure at c ¼ 0:2 and L n ¼ 4L g . Pressure p averaged over both grains varies from 2 (before PT) to a stationary value of 1.9. are multiple stationary solutions and different stationary microstructures can be reached for different ratio of kinetic coefficients.
If PT is allowed in the left grain as well, the nanostructure evolution is slightly different (Fig. 6,  L n =L g ¼ 4) . This is caused by the contribution of PT in the left grain to the stress relaxation, which changes the stress concentration near the tip of dislocation pileups in both grains. The stationary average pressure in the right grain and over both grains is p ¼ 1:46 and p ¼ 1:93, respectively. In comparison with the previous problem without PT in the left grain, the average pressure over both grains is almost the same; however, the average pressure is increased in the right grain. The volume fraction of HPP in the right grain is slightly reduced to c ¼ 0:127 , while c ¼ 0:109 for the left grain, and c ¼ 0:118 averaged over both grains.
The interaction of phase transformation and multiple slip systems in a nanograin
The same sample as in Fig. 1 is considered but with three horizontal slip systems in the left grain with the spacing of 5 and three slip systems inclined under 15 in the right grain with the same spacing (Fig. 8a) and for L n =L g ¼ 4. In addition, PT is included in both grains. Similar boundary conditions are considered for the mechanical problem but with a vertical stress r n ¼ 11:45, resulting in an initial pressure averaged over the sample (or each grain) of 7.5, and an applied shear of c ¼ 0:15. First, only the left grain slip systems are solved under prescribed pressure and shear to obtain several dislocations in each slip system to create stress concentrations, which can cause PT before the initial disturbance in the order parameter disappears. We consider this solution as initial conditions for PT or coupled problem of PT and dislocations. Here, initially p near tip of just lowest dislocation pileup at the middle grain boundary and two upper dislocation pileups at the right grain boundary; other three tips produced very small embryos.
In the left grain, however, due to the significant stress relaxation by three slip systems with several positive and negative dislocations, there is only a very small HPP nucleus with the stationary p ¼ 7:2 and s ¼ 1:26. Because of small HPP region, the pressure almost did not change in the left grain.
As the next step, we allow three slip systems inclined under 15 in the right grain as well and solve the coupled PT and dislocations evolution (Fig. 8b) . However, just two dislocations in a small region close to the grain boundary remain in the stationary solution. Note that during evolution, one positive and one negative dislocations appear in each slip system but they disappear during the competition with PT. That is why we obtain completely the same phase solution as without plasticity in the right grain with the same stationary volume fraction c ¼ 0:439. This is one of the examples which loading parameters result in a significant amount of volume fraction of HPP in the presence of plasticity, for which PT wins competition over dislocations.
Next, the same problem as above (with 3 slip systems in each grain) is considered, but with increased shear strain to c ¼ 0:2 and applied the lower initial pressure p ¼ 5:5. Both problems with and without plasticity in the right grain are considered. The stationary HPP and dislocation structure, as well as the pressure, shear, and transformation work level contours are plotted in Fig. 7a without plasticity and Fig. 7b with plasticity in the right grain. Without plasticity, a relatively high HPP volume fraction c ¼ 0:55 is obtained, and the average pressure and shear reduce to p ¼ 3:1 and s ¼ 3:48, respectively. Compared to the previous problem, due to the larger applied shear, a larger number of dislocations are generated in the slip systems in left grain, with 5, 4, and 4 dislocations of both signs (from top to bottom), leading to stronger stress concentrators and larger transformed area. Due to the small distance between slip systems and high stress concentrations, there is a significant interaction among stress field of different pileups, which leads to a complex distribution of pressure, shear, and transformation work contours, near their tips. However, slightly away from the tips and in the middle of the grain, stresses are more relaxed and homogeneous. The upper and lower phase interfaces are close to the contour lines of constant pressure p ¼ 4, shear s ¼ 3, and transformation work r:e t ðgÞ ¼ 1.
When plasticity is included in the right grain, several dislocations of both signs appear in all slip systems and remain in the stationary solution (Fig. 7b) . These dislocations reduce the volume fraction of HPP from c ¼ 0:55 to c ¼ 0:45. This leads to an increase in pressure ( p ¼ 3:45) compared to p ¼ 3:1 without plasticity. Thus, despite the intense dislocation activity in the right grain, it does not essentially suppress the PT. The upper phase interface is confined by the upper slip system. However, the lower boundary mostly follows a contour lines constant pressure and transformation work due to the less number of dislocations.
The size effect on the interaction of phase and multiple dislocation systems in a nanograin
To elucidate the effect of nanograin size on the interaction of PT and dislocations, we consider the same problem as above but with a two times larger sample length and height for each region, but with the same dislocation height and Burgers vector. The stationary solution for HPP and dislocations with and without plasticity in the right grain is plotted in 
. However, the average pressure and shear in the right grain and the average pressure in the left grain are the same for smaller and larger samples and both with and without plasticity in the Thus, in contrast to the boundary conditions for lateral stresses, PBC for displacements lead to some suppression in PT with decreased grain and sample size. 
The interaction of phase and dislocations in a nanograin during unloading
After a HPP is obtained, the key question is whether it can be kept in a metastable state after release of all loads. If this is the case, e.g., after PT from graphite to diamond or from graphite-like boron nitride to superhard wurtzitic or cubic BN, a HPP can be potentially used in engineering applications. Otherwise, e.g., after a À PT in iron, there is no practical use of a HPP at normal conditions. There are significant efforts in finding ways to retain HPP. Here, we will study behavior of the sample after the stationary phase and dislocations are reached, and then loads are removed. It is clear that at zero load the initial sample without dislocations and HPP corresponds to the minimum of energy. However, a hope exists that during unloading there is an energy barriers along the evolution path, which may arrest the metastable HPP and dislocations. In experiments, an athermal, threshold-type resistance (friction) to phase interface and dislocation motion play the key role in the retaining of HPP. An athermal friction for both dislocations and phase interfaces is caused by solute atoms, subgrain, grain, and twin boundaries and stacking faults, dislocation locks, and other dislocations producing dislocation forest. Note that our phase field theory for PT and dislocations does not explicitly contain an athermal threshold, because this require special approaches suggested in [56, 57] . However, dislocations in phase field produce athermal friction for a phase interface [65] and they may arrest HPP. A detailed study of the HPP arrest during unloading will be our future work. Here, we present the evolution of the HPP and dislocations during unloading of compressive force and shear displacement in Fig. 9 with PBC for displacements, and in Fig. 10 without PBC. Also, the average pressure and shear stress in both grains, the HPP c and transformation work W Driven by the energy of internal stresses due to dislocations, HPP, and interaction between grains, both dislocations and the HPP reverse until complete disappearance. The reversion is not always monotonous. E.g., averaged pressure in the left grain initially grows, probably due to fast disappearance of the HPP (Fig. 11) ; and number of dislocations in some slip systems in both grains grow (Figs. 9, 10 ) due to reducing and disappearance of the steps at the grain boundaries; this leads to nonmonotonous evolution in shear stresses (Fig. 12) . The HPP shrinks and completely disappears first; dislocations disappear during the longer time by annihilation of the dislocations with the opposite signs. Thus PT, dislocations, and plastic shear are fully reversible. In the left grain, after slight increase, the average pressure sharply drops to negative value. For the right grain, relaxation of pressure is slower due to extended reverse PT. Shear stresses also relax faster in the left grain. Also, before the reverse PT is completed, the average pressure without PBC reduces faster than with them in both grains. This is caused by a weaker elastic constraint, which allows faster relaxation. After the HPP disappears, the average pressure in the right grain is generally larger without PBC. This is because the PBC cause faster dislocations evolution and shear stress relaxation by pushing steps at the grain boundaries back. However, in the left grain shear stresses are practically independent of the boundary conditions. Due to the faster disappearance of the HPP in the right grain without PBC, the average transformation work is mostly lower in it as well (Fig. 13a) . The volume fraction of the HPP c in the right grain is almost the same with PBC and without them at the beginning of unloading, but for the rest of the unloading process c without PBC is smaller than that with PBC, until both reach almost zero value at the end of the unloading. Note that at the last time instant not all stresses are completely relaxed because solution is still did not exactly reached the stationary one.
We would like to note that even if we pin all dislocations before unloading starts by not solving corresponding Ginzburg-Landau equations, still in the given problems the entire HPP returns back, i.e., dislocations do not arrest the HPP. Thus, problem with modeling metastability of the HPPs still remains open.
The effect of different solution scenarios
The same sample is considered as in previous problems with similar slip systems. As mentioned before, under prescribed shear we first generated several dislocations in the left grain to create stress concentrations at the tip of dislocation pileups, and then we allowed PT or PT and dislocations in both grains, see solution in Fig. 14a . Now, let us include all slip systems and PT in both grains from the beginning of the loading, see solution in Fig. 14b . During loading, we make sure that the initial conditions for PT and dislocations will not disappear due to the lack of large enough stress field. Here, the prescribed microscopic shear c ¼ 0:2 and the applied pressure p ¼ 5:54. While initial evolution is different for these two cases, after sometime (t ¼ 10), the dislocation and phase solutions become similar for both cases until very close stationary phase and dislocation solutions are reached for both cases. Similar, stationary solutions for other problems considered in the paper can be obtained by allowing simultaneous evolution of dislocations and HPP in both grains.
Local and averaged transformation workbased analysis
The stationary HPP morphologies and the contours of the equilibrium values of transformation work according to Eq. (2) are plotted in Figs. 2, 7 and 15 for problems with and without plasticity in the right grain. In all the cases (except around the very small HPP regions with high stress concentrations and/or large curvature), interfaces coincide perfectly with the contours corresponding to the equilibrium PT work. The coincidence is even better than for the prescribed lateral stresses instead of the PBC in [64, 66] . Thus, the local phase equilibrium criterion (2) can now be considered as a general result. This result also supports our previous work deriving the phase equilibrium criterion (2) and excluding plastic work from it for a sharp interface [72] [73] [74] [75] , as opposite to the similar criterion based on the total work r : e [76] [77] [78] [79] .
Let us define the transformation work averaged over the transforming grain Figure 15 Stationary solution for the order parameter and the contour lines of the equilibrium transformation work for the larger sample without plasticity in Fig. 8 . 
i.e., phase equilibrium condition for stationary state can be expressed in terms of transformation work with constant transformation strain tensor and stresses averaged either over the entire grain or transformed region, which are approximately equal. This is very important result, which will help us to scale up results of a nanoscale modeling to the microscale.
Concluding remarks
In the current paper, the most recent PFA for the interaction between PT and dislocation evolution developed in [63, 64] is applied for the finite element simulations of plastic strain-induced cubic to tetragonal PT in a bicrystal. PBC for displacements at the lateral sides of a sample are applied. The slip systems of the LPP (or HPP) transformed to the HPP (or LPP) during PT coincide with those of the HPP (or LPP). Since multi-well energy barrier for dislocations is three times larger in the HPP than in the LPP, this causes two effects. (a) Inheritance of dislocations by a moving interface suppresses the direct PT and promotes the reverse PT; (b) there is a driving force for pushing dislocations from the HPP to the LPP. The pressure of 15.75 GPa was found to be the lowest pressure at which the HPP nucleus appears under hydrostatic conditions at the single dislocation. Under pressure and shear and the right nanograin without dislocations, HPP nuclei barrierlessly appear due to the high stress concentration at the tip of dislocation pileups in the neighboring grains and interact with each other through their stress field due to the small distance between them. This leads to a morphological transition, the coalescence of HPP regions, and a significant transformation progress with a relatively large stationary volume fraction of HPP. Allowing for dislocations in the right grain leads to the competition between PT and dislocations and reduction in the volume fraction of the HPP, which illustrates both promoting and suppressing effects of plasticity on PTs. The dislocation pileup leads not only to the nucleation of a HPP phase at its tip in the neighboring grain, but also in the same grain in the region with high compressive stresses due to extra atomic planes. Such a mechanism was not considered in the previous literature. Plastic straining reduces the PT pressure by more than the order of magnitude, similar to the experiments in [20, 24] , and even below phase equilibrium pressure, like in some experiments in [21] . For many computational cases, when the applied pressure was relatively low, and it droped during the volume reduction during the PT, the main contribution to the transformation work comes from the shear stresses. At the stationary phase interfaces the local phase equilibrium condition (2) is met for most of the interface points. The coincidence is even better than for the prescribed lateral stresses instead of the PBC in [64, 66] . Consequently, the local phase equilibrium criterion (2) can now be considered as a general result. This result also coincides with our previous phase equilibrium condition for a sharp interface [72] [73] [74] [75] , in contrast to the similar criterion based on the total work r:e (i.e., including plastic work) in [76] [77] [78] [79] . Interesting new point is that the interface geometry also corresponds in the most cases to the constant pressure (and, rearer, to the constant shear stress) contour but with different values for different loadings.
Similar phase equilibrium conditions are satisfied for the transformation work expressed in terms of stresses averaged over the transformed grain and HPP. These averaged equilibrium conditions can be instrumental in scaling up results of the nanoscale PFA simulations to the coarse-grained microscale theory, which is needed to simulate behavior of a macroscopic sample under compression and torsion in rotational anvils [30] [31] [32] [33] .
In contrast to the formulation with the prescribed lateral stresses, which does not show the sample size effect, solutions with PBC exhibit some suppression of PT with decreased grain and sample sizes. While the evolution of HPP and dislocations strongly depends on the ratio of kinetic coefficients, L n =L g , the stationary HPP and dislocation solutions are practically the same for L n =L g in the range 0.1-80.
In the presented formulation, during unloading, the PT, dislocations, and plastic shear are fully reversible. Even when we arrested dislocations during unloading by manually deactivating solution for dislocations, there were not enough dislocations in the transformed grain to arrest the HPP and suppress reverse PT. Probably this is because of relatively high equilibrium pressure of 10 GPa, which creates large driving force for the reverse PT. In any case, problem with modeling metastability of the HPPs still remains open.
The obtained results represent a nanoscale basis for understanding and description of the strain-induced PTs under compression and shear and developing microscale kinetics. Also, a similar approach can be applied for studying surface treatment, friction, ball milling, and projectile penetration, where strain-induced PTs under low and high pressure may occur. In combination with our microscale [1, 2, 29] and macroscale finite element [30] [31] [32] [33] approaches, our results can be scaled up to address main challenges in modern severe plastic deformation technologies [10, 11] and high-pressure torsion [15, 80, 81] . Our approach can be generalized for PTs, which include diffusion in alloys during structural transformations, see [82, 83] and references therein.
